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ABSTRACT: The present research provides both necessary and sufficient
conditions for the sum operator 5,’2,7 to exhibit boundedness and

compactness when mapping from the weighted Bergman spaces A% to the

weighted Banach spaces Hy(HY). This unification encompasses the
product of multiplication, differentiation, and composition operators.
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Furthermore, we provide an example to demonstrate that the boundedness
of the operator 5,’;,7: AP — HZ does not necessarily imply the
boundedness of the operator S,fn: AP — HY. Also, we present an example
of a bounded operator Sj,: Hy" — H,;, while the operator S,: A, —
H,; is not bounded.

1. INTRODUCTION

The interaction of the theory of composition
operators and weighted composition operators with
differentiation operators on various analytic
function spaces gave rise to a new class of
operators known as generalized weighted
composition operators and Stevi¢-Sharma type
operators, which have been studied recently by
many mathematicians [1, 2, 4, 14, 18].

Consider D as the unit disc in the complex plane C,
and let H (ID) denote the space of functions that are
analytic on . Furthermore, let A(ID) represent the
set of self-maps that are analytic on D. In a study
conducted by Wang et al. [15], the following
operator was introduced:

kg =X5onj-gPen ,geH(D), 1)

where k € Ny, n € A(D) and pu = (u;)f=0; 1j €
H (D).
Consider a bounded and continuous function

v:D - (0, 00), which is commonly referred to as a
weight.

The weighted and little weighted spaces of analytic
functions are defined as follows:

HY = {h € 2 (B): lhll, = supv(©)(O)] < oo}
and
HY = {h € H(D): lim v IAE)| = 0}

Obviously, the space H;°, equipped with the norm
[|h]l, = supv({)|h({)], is a Banach space.
ZeD

Convergence in the norm in H,;° corresponds to
uniform convergence on compact subsets of D.
Furthermore, it is evident that H? is a closed
53
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subspace of H,°. In the special case where v({) =
1, we have H,’ = H®.

The weight ¥ associated with v is is defined as
follows:

7(¢) = (sup {|R(DI:¢ € Hy, IIll, < 1D (2)

A weight v is said to be radial if it satisfies v({) =
v(|¢]) forall { € D. In the work of [5], it has been
shown that:

Il hll,<1 ifandonlyif [|hl;<1; (3)

7 = v > 0 and? is continuous and bounded;(4)

forall { € D, there is fz in By, which is the closed
unit ball in H;°, such that

Ihe (D] = 55 )

This article places significant importance on the

condition (L1) introduced by Lusky [10].
i N
Wva—m o D

By an essential weight v, we mean that there exist

a constant ¢ > 0 with v({) < ¥({) < cv({) for

each ¢ € D. From [6], we know that any radial

weight satisfying condition (L1) is also essential.

For instance, the weights va({) =(1-
151 a >0, vi6g(¢) = (1 I(I)logl—lzI and
Wﬁ(()=(1—108(1—|§|2)) ,B<0 are

essential (see [10]). Weighted spaces of analytic
functions arise organically when investigating
growth conditions of analytic functions. They
possess significant applications in various fields,
including functional analysis, complex analysis,
convolution  equations, partial  differential
equations and distribution theory.

Next, The weighted Bergman space is a class of
analytic functions defined in the following manner:

AP = {h € H(D): |All,, =

([, v(OIROIPAAQ) ) < oo};p € [0,00),

dA({) = dxdy/m represent the normalized area
measure. The Bergman space A’ is a Banach space
of analytic functions on D with the norm || A [l,, .
Based on the references [3, 9, 11], it has been
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established that when the weight in the weighted
Bergman space is radial, the set of polynomials
forms a dense subset of the space. In the case where
the weight function is defined as v({) = 1, the
resulting space is commonly referred to as the
classical Bergman space, denoted as A} = Ap. If
v() = ve(Q) = (1= [{|)% a >0, then Aj =
Agqp. To delve deeper into Bergman spaces, we
recommend [8, 17].

Additionally, we also take into consideration the
weight v, which is defined as

v({) =V(|{|?) foreach z € D, (6)

The weight function V is an analytic function
defined on the unit disk . It satisfies the properties
of being non-vanishing, strictly positive on the
interval [0,1), and approaches zero as the limit of
V(r) as r approaches 1. These properties can be

exemplified through various examples, as
demonstrated in [16].
1. If V() =1-0% where a>1, then
ve(§) = (1 - [31%)%.
2. If V() =exp G-9% where a =1, then
1
V() = exp (-1,
B
If %o, () = (1-1log(1— )", <0, then

vlog@) = (1-1log(1 - [{1)".

If V({)=sin(1—{), then v(z) =sin(1—
1S12).
Let a € D. Then we define the function v, ({) =
V(a{) andn,({) = { for every { € D. Clearly,

v, Is analytic, Ua(ﬂa(f))_( and na(()_

_ 2
- (1_'%')2'5 € . The map n, which interchanges

a and 0 is called Mdbius transformation. For non-
negative quantities K and M, we denote K = M,
indicating that K < M and M < K, where K < M
implies the existence of a positive constant C such
that K < CM.
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2. BOUNDEDNESS OF 8% ,: AY — Hy, (HY),)

To establish the main results concerning the
operators 5[;,,, it is necessary to introduce the
following lemma, which has been proven in[1].
Lemma 2.1 Consider a radial weight v, defined as
shown in (6), which possesses the following
property:

V(D) e (D) _
v0a@)

Additionally, Suppose the weight function v
satisfies condition (L1). In that case, there exists a
positive constant C,, such that for any f € A%,
Collf1ly,
f™ ()] < ———

(1— 21" Pv(2)P

holds for each z € D and n € N,

C <o

supsup
a€eD zeD

We present the following theorem that provides a
characterization the self map n € A(D) and u =
(M)foo, u;j € H (D) which induce bounded
operator S : Ay — Hiy.

Theorem 2.2 Let v be a weight function defined as
in Lemma 2.1, and let w be an arbitrary weight
function. Suppose u = (#j)f:o' where u; € H (D)
and n € A(D). The conditions necessary and
sufficient for the boundedness of the operator
Skn: AL — H,y are given by
M; = sup W(Z)I‘_sz(z)l <o, j=0,..,k.
2€D (1-[n(2)[2) "Po(n(2)P
()

Moreover, for the bounded operator S, : A —
© k — V'k -
HZ we have ”5“"’”cﬂ5—>HV°V° =Yio M; =

max{Mj: j=0,1, ...,k}. (8)

Proof. First let Sf,:A) — Hyy be a bounded
1

operator and Let u = ve and define @ as in (2). It is
evident that if v is a radial weight satisfying
condition (L1), then u also satisfies condition
(L1). Moreover, since u satisfies condition (L1), it
is essential. Consequently, for every z € D, there
exists a constant y > 0 such that u(z) < ii(z) <
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yu(z). Fix a € D. Based on (5), there is a function
fo@ € B € Hyy such that

1 1 1
|fu@m@)| == = = T
(e w@)  un@) o 3

(9)

and so

p - 1
|fn(a)(77(a))| *v(n(a))-

To prove the condition (7) for j =k, if we

establish Ln(a) (Z) = n’,;(a)(Z)fn(a)(Z)(T[;](a)(Z))E,
z € D, then clearly

||Ln(a)||zlp
p kp, , 2

< supv @y @I [ [y @[ oo @I d4C2)
<1. ?

Thus Ly € AP, L%j()a)(n(a)) = 0 for each j =
0,1,..,k— 1. Also,

LY (m(a)| = i .
| n@ | i@ ()P
Thus, using (10), we get
||Sp]f,n||ﬂ5_>H$ = ”Splt(,nLn(a)”W

> M;((a)l(slfnLn(a))(a)'

> w(@) |y @Ly (1(@))]
7=0
klw(a)|ug(a)l

(10)

=

2 1
y(-In@® P (@)?

w(a)|pe(a)l

y(1 = (@13 Pv@n(a))r
which implies that

44|
Yll‘silf,n”cﬂp oo = SUP e Mkz(a) T = M.
I aed (-2 Pum(@)?

(11)

Thus we have established the condition (7) for j =
k. Now we shall prove the condition (7) for any
0 <j <k. For this, we assume the following
inequality
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M; <y(1+ }/C,,)"—i||5"f,,,||dqp_>Hoo for each j +
1<i<k, (12)
and establish it for i = j. So, if we define define

Gy @) = 1y (@) fray (@) (M) ()P, 2 € D.

Clearly [|Gyol,, <1, Gy (M (@)) = 0 for all

0<i<j-1and
i 1
|62, (@) = . (13)
A-m@I®" Pv@m@)?

Further, by applying Lemma 2.1 and (13), it can be
easily seen that

IS0l 4o e Z 1S4inGncarl,,

> w(a)|(SfyGna) (@]

> ¥y w(@) [ (@h, ()]

Jw(@)u;(a)l

V(l—lﬁ(a)lz() )fvgn§?))p
k w(a)ui(a
Cv”Gn(a)”v,p Di=j+1 3 T. (14)

(1-In(@1?) Pr(n(@)P
Thus it readily follows from (12) and (13) that

w(@)|u;(@)|
"= o
P (1 - In@1?) v (@)?
<y (”‘Sﬁ'"”ﬂ%w +Cy I

w(@) (@) )

Gn(a) ”v,p Z?=j+1

2 1
(A-In@)12) " Pom ()P

| <y(1+C X y(L+
VCv)k_l)||5lIt(,77”d45_>H$

sty s <
w, 0<j<k. (15)
Hence
?=0 M] S Z?:O ]/(1 + yCv)k_]||Slf7’”qu_>H‘fV°
(16)

This proves condition (7).
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Conversely, let us assume that condition (7) is
satisfied. Consider h € AY. By utilizing Lemma
2.1, we obtain

k
Istanll, = supw() | ) 1P ()
j=0

K
< ilél]]};W(Z) Z |l (2)hD (n(2))|
=0

Collhlly,pw(2)|uj(2)]

< Z;?:O sup =z T
z€D (1-|n(2)|2) Po(n(2))?

<Gyl hllyy oo M;. (17)

Thus,
||Slflznl|c/l§—>[-1‘:? = Cv Z?=0 M] (18)
Hence, it is established that the operator

Sk, AY - Hy is bounded. Additionally, we have
the inequality

max{M;: 0 < j < k} < F_o M; < (k +
Dmax{M;: 0 <j < k}. (19)

From (18), (16), and (19), it is evident that the
asymptotic relation (8) follows.

Corollary 2.3 Let v be a weight function defined
as in Lemma 2.1, and let w be an arbitrary weight
function. Suppose u = (Mj)?:o’ where u; € H (D)
and n € A(D). Then Dl{j_n: AP — H is bounded
if and only if (7) is satisfied for every j, 0 < j < k.
Proof. If the condition (7) holds, then by using the
same technique of Theorem 2.2, it can be easily
proved that the operator D/i,-.n is bounded. Also, if

the operator D;i,-,n is bounded, then clearly the

operator Sp’f,,, = ?:o Dp{j'n is bounded and hence
the condition (7) follows from Theorem 2.2.

Since Hy < H,y, the boundedness of Sj,:AD —
Hyy does not imply the boundedness of Sj%,,: AD —
HY.The subsequent theorem characterizes the
boundedness of Sjf,,: AL — Hy,.
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Corollary 2.4 Let v be a weight function defined
as in Lemma 2.1, and let w be an arbitrary weight
function. Suppose u = (u;)%-,, Where y; € (D)
and n € A(D). Then Sf,,: A} — Hy, is bounded if
and only if $¥,: A} — Hy is bounded, and y; €
HY, j=0,1,..,k.

Proof. Since Hy S Hyy, if Sf,:A) - Hy s
bounded, then Sy,:A} — Hy, is also bounded.
Further, if we define f;j(z) = z/, 0 < j =< k, then
we have f; € Aj,. Hence S, f; € Hy, implies that
1; € Hy,.

Conversely, Assuming the boundedness of the
operator S¥,: A} — Hyy and considering u; € HY,
j=01,..,k Let feAD If we take p(z) as
polynomial, then we have |£i|r—1>11W(Z)|S’ic'np(Z)l =

lim ()| 1PV (1(2))] <
o mw() || [Pl = 0.

Thus, Sj,p € Hy. Since it is a well-known fact
that the set of polynomials is dense in A% for the
radial weight v (refer to [3, p.10], [9, p.343], or [11,
p.134]), we can find a sequence of polynomials
{pn}nEN such that ”f_pn”v,p -0 as n— oo,
Hence,

Istnf = skapall, < 15£allip 1 = Pl
-0 as n - oo.

As HY is a closed subspace of H, we have
Sk, (AY) c HY,. Consequently, S¥,: AY — HY is
bounded.

Remark 2.5 By referring to Theorem 2.2,
Corollary 2.3, and Corollary 2.4, it becomes

evident that the operator Déj,n:c/lfjﬂHvﬁ’, is
bounded if and only if Dd},’n:cﬂﬁﬂHﬁ? is
bounded, and i; € Hy, j =0,1,..., k.

Based on Corollary 2.4, it can be deduced that if the
operator Slf,,:cﬂ,’,’ - HY is bounded, then
Sk AL = Hyy is also bounded. However, it is
important to note that the converse may not hold
true. To illustrate this, we provide the following
example:
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Example 2.6 Consider p =1, v(z) =1—|z|?
and w(z) = (1 —%)4. Define n(z) = 2. Let u =
(1) k=g, Where o (2) = %,y (2) = e and y; =
0 foreachi = 2,3, ..., k. Then we have
W(Z)|ﬂ02(z)| < (1 B @) o7l
(1~ @ 2Pra@)" *

<eforeach z€D,
w(2)| 1y (2)]
(1— @D Pv@(2)»
o\ 4
(1-2)' 1"

4

(-EY (o)

< e foreach z € D.

and
W(Z)l'u_i(zz)l =0 for each i
(1= 1n(@)[?) Pvn(2)»
=23, ..,k

Thus, the condition of Theorem2.2 is satisfied and
hence Sy,: Ay — Hyy is bounded. However, for
z = r, we observe that

72 4 4
) o _rr r— (2
imwlia)l =1 (1-7p) ¢ = ()
* 0.

That is, uy € HS. Thus, according to Corollary2.4,
Spn: AL = Hy is not bounded.

It is evident that if the operato S,f,,,:cﬂf,’ - Hy is
bounded, then S¥,:H;° — Hyy is also bounded.
However, it is important to note that the converse
may not hold true, as demonstrated in the following
example:

Example 2.7 Consider p =1, v(z) =1—|z|?
and w(z) = (1 - |z* Let n(z) === and p =

k —_1 ; —

(lij)j=0a where u;(z) = o i=23,.., k. We
have
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w(@) (@) _ (=lzD*2lz] _ 2(1-|z)*
= 4 < <8(1-
v(n(z)) (1 | +1| ) (1 2|z|)(|z|2+1) (
|2])* < oo, (20)
W@l _ TN s
-n@Pva@) (1-E22)" T (1-E2p)" T
A-2D” 16 < oo, 1)

— <
_1ZN2/1z 2 =
(=) (=9
By examining (20) and (21), it becomes evident
that the operator Sf,: Hy° — Hy is bounded.

Looking at it from a different angle, we can
consider

w@lm@| -1 s
(=@ aey (1 1221)"
Forz =r,
W)l () (-

A=@PPv@E) (o (m2y2)°
—o00 asr— 1.

Therefore, we can conclude that the operator
Sk n: AL = Hyy is unbounded.

3. COMPACTNESS OF 8% H,, — HZ(HY)

In order to characterize the self map n € A(D) and
U= (#j)?:o , which induce compact operator S,’f,,,
we need the following result and the proof can be

deduced from Proposition 3.11 [7].

Lemma 3.1 Consider u = (u;)_, be such that
1 € H(D) and n € A(D). Then Sf,: AY — Hyy
is compact if and only if Sp’f,,,: A — HY s
bounded and for any bounded sequence {f;, }5en IN
AD such that f,, - 0 uniformly on compact subsets
of Dasn - o, [|Si,fof| —0asn - .

Theorem 3.2 Let v be a weight function defined as
in Lemma 2.1, and let w be an arbitrary weight
function. Suppose u = (#j)f:ol where p; € H (D)
and n € A(D). The conditions necessary and
sufficient for the compactness of the operator
Sk n: AL — Hyy are given by
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W(Z)I#,(Z)I

lim sup

=0,j=01,..,k.
">Ln@)|>r (1-1n(2)12)’ Pv(n(Z))p

(22)
Proof. First, we assume that condition (22) holds
and §jf,: AY - Hy;, is bounded. By considering the
function f;(z) = z/, z€ D in AL, we can have

K; = sg}gw(z)luj(z)l <o, 0<j<k. (23)
VA

Now let {f,,},en be a bounded sequence in AL
such that it converges to zero uniformly on compact
subsets of D. To show that Sp’f,n is compact, in view
of Lemma 3.1, it is enough to show that
[|Sinfall , — 0@sn — oo. Based on condition (22),
we can conclude that for any e > 0, there existsr €
(0,1) such that whenever r < |n(z)| <1, the
following inequality holds:

W(Z)I#,(Z)I

<€ 0<j<k
a-m@2’ pV(n(Z))p

Since the sequence {f;}nen CONverges to zero
uniformly on compact subsets of D, we can apply

Cauchy’s estimates to conclude that {fn(] )} ,

neN
j =0,1,..., k also converges to zero uniformly on
compact subsets of ID. Therefore, there exists n, €
N such that, for |[n(z)| <r and n >n,, the

following holds:

(24)

FPm@)| <e j=01,..k (25
Using (23) and (25), we have
sup w@|w @ )|
<e sup rW(Z)Iu,(Z)I
<eKj, j=01,..k (26)

As the sequence {f;,}nen is bounded in AL, we
have supl|fyll,, < M. Consequently, combining

n
(24), (26), and Lemma 2.1, we can deduce that:

k
Istafall,, = supw@ | Y @£ @)
j=0
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= max sup w(z)

r<n(z)|<1

k
> w@f @),
j=0

sup w(z)|Zk, u,-(z)f,f"><n(z>>|}

In(2)|sr
k

<) sw w@lu@n we)|

j=0

sup w(2)|u; @0 (2)]
In(2)|sr

3 Z Coll fullopw (@)1 (2)|
=0 IO (11— In(2)[2) o (2)»

+ez K]
j=0
k
< (k+1)MCv+Z K; |e.
j=0

we can conclude that the operator S¥,: A} — Hg
is compact.

Conversely, assuming that the operator S ,: A} —
Hy is compact. Clearly Sk :A) - Hy is
bounded, we can observe that it is also bounded.
Now, we aim to establish condition (22).
Specifically, for j = k, let {z,},en be a sequence
in D such that |n(z,)| = 1 as n — oo, satisfying

the following: lim sup WD _
" n@ > (1- @) Prm@)P

W (zn) |tk (Zn)|

lim
n—-oo

k2 L
A=n@n)I?) Pv(n(zn))P

After selecting a subsequence, we can assume that
there exists ny € N such that |n(z,)|" = % for
every n = ny. Moreover, analogous to (9), we can

find f,,) € By’ satisfying the following
expression:
1
|fn(zn)(n(zn))| = 1 (27)
v(n(zn))P

Let us consider the function for each n as follows:
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9n(@) = 05y @D (M) (D) fran) (22", 2 €

D. 28)
Clearly g, €Ay and |lgull,, < 1. Also,
99 (n(2,)) = 0, j < k and

K Izl

|92 (2| = o ;-
(1= nzI?)" Prv(n(z,))P

As g, — 0 uniformly on compact subsets of D, we
can apply Lemma 3.1 to conclude that
[1S6ngnl| , — 0 asn — oo. Therefore, we have the

following:

k
Iskngnll,, = w | wzgP i)
j=0
K ) ez [ Gl

A = @) B e (z)?

> W(Zn)mll;(énﬂ . (29)
2A(1=n(zn)|?) " Pv(n(zn))P
Based on (29), we can deduce that:
llm W(Zn)|Hk(Zn)| — 0 (30)
n—oo k+2 L )
A-n(zwI?) Pv(n(zn))P

This establishes condition (22) for j = k. Now, let
us consider the case where 0<j<k-1.
Similarly, we assume the existence of a sequence
{Z }nen IN D such that |n(z,)| = 1asn — oco. We
can choose this sequence such that:

w(2)|pi(2)]

lim sup 2 T=
"n@I>r (1-n(2)(2) P (2)P
111_1}(}0 W(Zn)|.ui2(zn)| — =0 (31)

A=) 12) Po( (za))P

for j+1 < i < k and we establish (31) for i = j.
For this, consider:

w(@)|w(2)] 3

lim sup —3 =
>1n@I>r (1-1n2)12) P 2))?
w(zn)|pj(zn)|

lim 4 T (32)
"7 A-n@)12) Pr(n(z))P
Again, similar to (28), define: h,(z)=

. 2
777]7(271)(Z)(T/%(zn)(Z))pfn(zn)(z)zn: z € D.
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Thus, {hylnen € A and |hy,ll,, < 1. Also,
clearly h?(57(z,)) = 0 forall 0 < i < j — 1 and

] (@)™
b ((z))| = — L2 (3)

A=In@zw) 2 Po(zn)P

Due to the uniform convergence of h, —» 0 on
compact subsets of D, once again employing
Lemma3.1, [|S),hnl| — 0asn — oo, Thus, using

(33) and Lemma 2.1, it follows that
ISiinhall,, 2

w(zn) | (zn) RS (n(z0))| -

W(z) T a1 |z (1(z0) |

> j!W(Zn)Iuj(ZZn)I

i 22(1-|n(zn)12) T Po((2n))P
k vilNn v,pW(Zn)|lrlL(Zn)|1. (34)

i=j+1 12 T
1-n(zn)|?) Pv(n(zn))P
Further, using (31), (34) implies that

w(zn) |1 (2n)|

(1 = @)1 Pv(n(zn))?
The verification of condition (22) establishes its

validity, thereby finalizing the proof of the
theorem.

=0.

lim

n—-oo

Corollary 3.3 Let v be a weight function defined as
in Lemma 2.1, and let w be an arbitrary weight
function. Suppose u = (#j)f:o' where u; € H (D)
and n € A(D). The conditions necessary and
sufficient for the compactness of the operator
D{ll_,n:cﬂﬁ — H are given by

lim sup W(Z)lﬂjgz)l - = 0.

@) >r 1—in(2)2) TPo(m(2)P

(35)

Next, we shall utilize the lemma presented in [12]
(specifically, Lemma 2.1) to characterize the
compactness of the operator S;If,n: Ab - HY,.

Lemma 3.4 Suppose w is an arbitrary weight and
K is aclosed set in HS. The set K is compact if and
only if it is bounded and satisfies the following
condition

lim supw(2)|f(2)| = 0.
1zI-1 ek
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Remark 3.5 When the set K is not closed, the term
"compact™ in Lemma 3.4 can be substituted with
the term "relatively compact.”

Theorem 3.6 Let v be a weight function defined as
in Lemma 2.1, and let w be an arbitrary weight
function. Suppose u = (u;)-,, Where u; € (D)
and n € A(D) are given by

w(2)|u(2)l

lim L——=0,0<j<k (36
12121 (1@ Pu()P
Proof. If condition (36) holds, then clearly,

condition of Theorem 2.2 is satisfied. Thus, the
operator Sl’f_,,:aélfj — Hy; is bounded. Also, since

1 - @I Pvm@)P <G, j=01,...k
from (36), we have

lim w(@)|;(2)|

W@, @A — @D Pom @)

= |li|m1 T2 1
z|- Jj+= =
(1= [n@)|?) Pv(n(z))»
< lim c,-w(z)_luz,-(z)l _=0,
12121 -2 2 o 2)P
j=01,.. k.

Thus, u; € HY, 0 <j < k and hence S ,: A} —
HY is bounded. Let f € AL. By utilizing Lemma
2.1, we obtain:

w@)| (St )| =
w(2)|Z5-o ;@D fP((2)| <
Cv”f"v, @)|uj2)|

Z?:O p"‘;jz i 1 (37)
1-m@I13)" Pv(n(2)P
Consider the sets S = {f € AV:Ifll,, < 1} and
K =8}, (S). Itis evident that K is bounded in Hy.
Therefore, by utilizing condition (36) in (37), we
can conclude that

|lilmlsupw(z)|(Sl’f_nf)(z)| =0.
Z|7Llres

(38)

Therefore, considering Lemma 3.4, we can
establish the compactness of the operator.
Sgn AL = HY,.
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Conversely, suppose that the operator Sj,,: A —
Hy, is compact. Since the operator Sy ,,: A} — Hy,
is bounded, we have already shown that

limw(z)|u;j(z)| =0, 0<j<k.  (39)
|z|-1

As the operator S),: A}, — H,; is compact, we
can apply Corollary 2.4 to conclude that

w(@)|u;(@)|

lim sup — t=0,7=01,..,k.
"M@ (1-In(2)2) Pumz)P

(40)
To prove (36), fix 0 < j < k and let e > 0. Then
according to (40), there exists 7; € (0,1) such that
whenever 7; < |n(z)| < 1, we have

w(2)|u;(2)]

7 T < €. (41)
(1-In@)12 Pv(m(2)P
Let
JTEI
Ej = lti|r<1£.(1 — t12) v (t)?. (42)
=]
Then it follows from (42) that
.2 1
E < (- @D Pvm2)?, 43)

for [n(z)| < ;. Let € = €E;. Based on (39), we
can deduce the existence of §; € (0,1) such that

w(2)|u;(2)] <€ (44)
whenever §; < |z| < 1. Further, it follows from
(43) and (44) that

(2)|uj(2)]
w(z jt_:zz B < €

1-m@)12)" Pv(n(2)P
whenever |z| > §; and [n(z)| < 7;. Thus, (41) and
(45), implies that

w(2)|u;(2)]

(45)

-2 Pv(n(z)P
whenever |z| > §;. By establishing condition (36),

we have successfully completed the proof of the
theorem.

(46)

Remark 3.7 From Theorem , Corollary and
Theorem, it is clear that The operator D, ,: A} -

HY is compact if and only if

61

w(2)|u;(2)|

(1 - @Y o)
4, CONCLUSION

This paper characterize the self map n and u =
(U= such that u; € # (D), which induce
bounded and compact operators S,iﬁn from the
weighted Bergman spaces A} to the weighted
Banach spaces Hg (HY) (Theorem 2.2 and
Theorem 3.2). Also, we give an example to show
the boundedness of the operator Tu’f,,:aélf,’ — Hy
not necessarily imply the operator Tu’f,]: AP — HY
is bounded.

lim =0

|z|—>1
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